We present a group theoretical study of the symmetry-broken unrestricted Hartree-Fock orbitals and electron densities in the case of a two-dimensional N-electron single quantum dot ͑with and without an external magnetic field͒. The breaking of rotational symmetry results in canonical orbitals that ͑1͒ are associated with the eigenvectors of a Hückel Hamiltonian having sites at the positions determined by the equilibrium molecular configuration of the classical N-electron problem and ͑2͒ transform according to the irreducible representations of the point group specified by the discrete symmetries of this classical molecular configuration. Through restoration of the total-spin and rotational symmetries via post-Hartree-Fock projection techniques, we show that the point-group discrete symmetry of the unrestricted Hartree-Fock wave function underlies the appearance of magic angular momenta ͑familiar from exact-diagonalization studies͒ in the excitation spectra of the quantum dot. Furthermore, this two-step symmetry-breaking and symmetry-restoration method accurately describes the energy spectra associated with the magic angular momenta.
I. INTRODUCTION

A. Background of the mean-field breaking of spatial symmetries in quantum dots
Two-dimensional ͑2D͒ quantum dots ͑QD's͒ created at semiconductor interfaces with refined control of their size, shape, and number of electrons are often referred [1] [2] [3] [4] to as ''artificial atoms.'' For high magnetic fields (B), it has been known for some time ͑ever since the pioneering work 5 of Laughlin in 1983 concerning the fractional quantum Hall effect͒ that 2D few-electron systems exhibit complex strongly correlated many-body physics. Nevertheless, for low magnetic fields, the term artificial atoms was used initially to suggest that the physics of electrons in such manmade nanostructures is exclusively related to that underlying the traditional description 6 of natural atoms ͑pertaining particularly to electronic shells and the Aufbau principle͒, where the electrons are taken 7 to be moving in a spherically averaged effective central mean field. This traditional picture was given support by experimental studies 3, 4 on vertical QD's, which were followed 8 by a series of sophisticated theoretical investigations yielding results conforming to it.
However, in 1999, the circular ͑for 2D QD's͒ centralmean-field picture was challenged by the discovery of solutions with broken space symmetry in the context of spin-andspace unrestricted Hartree-Fock ͑sS-UHF͒ mean-field calculations.
9,10 These broken-symmetry ͑BS͒ solutions appear spontaneously ͑due to a phase transition͒ when the strength of the interelectron repulsion relative to the zeropoint kinetic energy (R W ) exceeds a certain critical value. They indicate the formation of Wigner ͑or electron͒ molecules ͑WM's or EM's͒ with the electrons located at the vertices of nested regular polygons ͑often referred to as concentric rings͒, familiar from studies of classical point charges. 11, 12 Such molecules were characterized by us as strong or weak Wigner crystallites depending on their rigidity or lack thereof ͑i.e., floppiness͒, suggesting the existence of additional 13 ''phase transitions'' as a function of the parameter R W ͑see Sec. II B for its precise definition͒. Furthermore, it was noted 9 that the symmetry breaking should be accompanied by the emergence of a spectrum of collective rovibrational excitations ͑finite-size analogs of the Goldstone modes͒. A subsequent investigation 14 based on exact solutions for a helium QD ͑2e QD͒ confirmed these results and provided a systematic study of the molecular rovibrational collective spectra and their transition to independent particle excitations, as the rigidity of the WM was reduced through variation of the controlling parameter R W .
We remark here that the lower-energy BS UHF solutions already capture 10 part of the correlation energy, compared to the restricted HF ͑RHF͒ ones. Improved numerical accuracy has been achieved in subsequent studies [15] [16] [17] through the restoration of the broken symmetries via projection techniques. Consequently, the methodology of symmetry breaking at the UHF mean-field level and of subsequent symmetry restoration via post Hartree-Fock methods 18 provides a systematic controlled hierarchy of approximations toward the exact solution, with anticipated advantages for complex many electron systems ͑under field-free conditions 15 and in the presence of a magnetic field shell-correction method of Strutinsky ͑nuclei 22 and metal clusters 23, 24 ͒. At the microscopic level, the mean field is often described 25, 26 via the self-consistent single-determinantal HF theory. At this level, however, the description of deformation effects mentioned above requires 25, 27 consideration of unrestricted Hartree-Fock wave functions that break explicitly the rotational symmetries of the original many-body Hamiltonian, but yield HF determinants with lower energy compared to the symmetry-adapted restricted Hartree-Fock solutions.
In earlier publications, 9, 10, [15] [16] [17] we have shown that, in the strongly correlated regime, UHF solutions violating the rotational ͑circular͒ symmetry arise most naturally in the case of 2D single QD's and for both the cases of zero and high magnetic field. 28 Unlike the case of atomic nuclei, however, where symmetry breaking is associated with quadrupole deformations, spontaneous symmetry breaking in 2D QD's induces electron localization associated with the formation of WM's.
The violation in the mean-field approximation of the symmetries of the original many-body Hamiltonian appears to be paradoxical at a first glance. However, for the specific cases arising in nuclear physics and quantum chemistry, two theoretical developments have resolved this paradox. They are ͑1͒ the theory of restoration of broken symmetries via projection techniques 29, 30 and ͑2͒ the group theoretical analysis of symmetry-broken HF orbitals and solutions in chemical reactions initiated by Fukutome, 31 who used of course the symmetry groups associated with the natural 3D molecules. Despite the different fields, the general principles established in these earlier theoretical developments have provided a wellspring of assistance in our investigations of symmetry breaking in QD's. In particular, the restoration of broken circular symmetry in the case of single QD's has already been demonstrated by us in three recent publications. [15] [16] [17] 32 
C. Content of this paper
In the present paper, we will provide an in-depth group theoretical analysis of broken-symmetry UHF orbitals and electron densities ͑ED's͒ in the case of single parabolic QD's. We will show that such an analysis provides further support for our earlier interpretation concerning the spontaneous formation of collectively rotating electron ͑or Wigner͒ molecules ͑REM's͒. Indeed we will demonstrate deep analogies between the electronic structure of the WM and that of the natural 3D molecules. In particular, we will show that the breaking of rotational symmetry results in canonical UHF orbitals that are associated with the eigenvectors of a molecular-type Hückel Hamiltonian having ''atomic'' sites at positions specified by the equilibrium configuration of the classical N-electron problem; these ''atomic'' sites are localization sites for the electrons, and they do not imply the presence of a positive nucleus. Thus, in contrast to the fully delocalized and symmetry-adapted, independent-particlemodel-type orbitals of the RHF, the BS UHF orbitals with the same spin direction resemble closely the molecular orbitals ͑MO's͒ formed by linear combinations of atomic orbitals ͑LCAO's͒, which are prevalent 33 in chemistry. ͑Naturally, the LCAO behavior of the UHF orbitals with the same spin direction allows for a more precise understanding of the term ''electron localization'' used by us in previous publications.͒ An important conclusion of the present paper is that the BS UHF orbitals are not necessarily unique; what matters, in analogy with the LCAO-MO's of natural molecules, is that they transform according to the irreducible representations of the point group specified by the discrete symmetries of the classical equilibrium configuration.
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Our study leads to the following two main results: ͑i͒ in analogy with 3D natural molecules, the WM's can rotate and the restoration of the total-spin and rotational symmetries via projection techniques describes their lowest rotational bands ͑yrast bands 14, 34 ͒ in addition to the ground state and ͑ii͒ the lowering of the symmetry, which results in the ͑discrete͒ point-group symmetry of the UHF wave function, underlies the appearance of the sequences of magic angular momenta ͑familiar from exact-diagonalization studies [35] [36] [37] [38] [39] [40] ͒ in the excitation spectra of single QD's. Since exact-diagonalization methods are typically restricted to small sizes with Nр10, the present two-step method of breakage and subsequent restoration of symmetries offers a promising new avenue for accurately describing larger 2D electronic systems. A concrete example of the potential of this approach is provided by Ref. 16 and Ref. 17 , where our use of the the symmetrybreaking and symmetry-restoration method yielded analytic expressions for correlated wave functions that offer a better description of the N-electron problem in high magnetic fields compared to the Jastrow-Laughlin 5 expression. Since the group theoretical aspects of symmetry breaking at the mean-field level ͑and their relation to the properties of the exact solutions͒ remain a vastly unexplored territory in the area of condensed-matter finite-size systems, in the following we will present an introductory investigation of them through a series of rather simple, but nontrivial, illustrative examples from the field of 2D parabolic QD's. The plan of the paper is as follows: Section II reviews briefly the set of UHF equations employed by us; Secs. III and IV present the case of three electrons in the absence and in the presence of an external magnetic field B, respectively. The more complicated case of six electrons at Bϭ0 is investigated in Sec. V, while Sec. VI discusses the companion step of the restoration of broken symmetries, which underlies the appearance of magic angular momenta in the exact spectra. Finally, Sec. VII presents a summary.
Before leaving the Introduction, we wish to stress that analogs of several of the group theoretical concepts and manipulations employed in this paper can be found in textbooks concerning standard applications of symmetry groups to the electronic structure and chemistry of 3D natural molecules. Here, however, we will use these otherwise well-known group theoretical aspects to elucidate the molecular interpretation of the BS UHF determinants ͑and associated orbitals͒ in the unexpected context of a newly arising area of physics: namely, the physics of strong correlations in 2D circular artificial atoms ͑QD's͒.
II. UHF EQUATIONS
A. Pople-Nesbet equations
The UHF equations we are using are the Pople-Nesbet 41 equations described in detail in Chap. 3.8 of Ref. 26 . For completeness, we present here a brief description of them, along with details of their computational implementation by us to the 2D case of semiconductor QD's.
The key point is that electrons of ␣ ͑up͒ spin are described by one set of spatial orbitals ͕ j ␣ ͉ jϭ1,2, . . . ,K͖, while electrons of ␤ ͑down͒ spin are described by a different set of spatial orbitals ͕ j ␤ ͉ jϭ1,2, . . . ,K͖ ͑of course in the RHF j ␣ ϭ j ␤ ϭ j ). Next, one introduces a set of basis functions ͕ ͉ϭ1,2, . . . ,K͖ ͑constructed to be orthonormal in our 2D case͒, and expands the UHF orbitals as
The UHF equations are a system of two coupled matrix eigenvalue problems
where F ␣(␤) are the Fock-operator matrices and C ␣(␤) are the vectors formed with the coefficients in the expansions ͑1͒ and ͑2͒. The matrices E ␣(␤) are diagonal, and as a result Eqs. ͑3͒ and ͑4͒ are canonical ͑standard͒. Notice that noncanonical forms of HF equations are also possible ͑see Chap. 3.2.2 of Ref. 26͒. Since the self-consistent iterative solution of the HF equations can be computationally implemented only in their canonical form, heretofore canonical orbitals and solutions will always be implied, unless otherwise noted explicitly. We note that the coupling between the two UHF equations ͑3͒ and ͑4͒ is given explicitly in the expressions for the elements of the Fock matrices below ͓Eqs. ͑7͒ and ͑8͔͒.
Introducing the density matrices P ␣(␤) for ␣(␤) electrons,
where N ␣ ϩN ␤ ϭN, the elements of the Fock-operator matrices are given by
where H are the elements of the single-electron Hamiltonian with an external magnetic field B and an appropriate potential confinement, and the Coulomb repulsion is expressed via the two-electron integrals
with being the dielectric constant of the semiconductor material. Of course, the Greek indices , , , and run from 1 to K. For a QD, the external confinement is assumed to be parabolic, and the single-particle Hamiltonian in a perpendicular external magnetic field B is written as
The vector potential A is given in the symmetric gauge by
and the last term in Eq. ͑10͒ is the Zeeman interaction with g* being the effective g factor, B the Bohr magneton, and s the spin of an individual electron. m* is the effective electron mass and 0 is the frequency parameter of the parabolic potential confinement. The system of the two coupled UHF matrix equations ͑3͒ and ͑4͒ is solved self-consistently through iteration cycles. 42 For obtaining the numerical solutions, we have used a set of Kϭ78 basis states i 's that are chosen to be the product wave functions formed out from the eigenstates of the onedimensional harmonic oscillators along the x and y axes. This basis is often referred to as ''Real Cartesian harmonic oscillator basis.'' Note that the value Kϭ78 corresponds to all the states of the associated 2D harmonic oscillator up to and including the 12th major shell.
Having obtained the self-consistent solution, the total UHF energy is calculated as
͑12͒
B. Solutions representing Wigner molecules
As a typical example of a solution that can be extracted from the above UHF equations, we mention the case of N ϭ19 electrons for ប 0 ϭ5 meV, R W ϭ5 (ϭ3.8191), and Bϭ0. The Wigner parameter R W ϵQ/ប 0 , where Q is the Coulomb interaction strength; Qϭe 2 /l 0 , with l 0 ϭ(ប/m* 0 ) 1/2 being the spatial extent of the lowest singleelectron wave function in the parabolic confinement. Figure 1 displays the total electron density of the BS UHF solution for these parameters, which exhibits breaking of the rotational symmetry. In accordance with ED's for smaller dot sizes published by us earlier, 9,10 the ED in Fig. 1 is highly suggestive of the formation of a Wigner molecule, with an ͑1,6,12͒ ring structure in the present case. This polygonal ring structure agrees with the classical one 11 and is sufficiently complex to instill confidence that the Wignermolecule interpretation is valid. The following question, however, arises naturally at this point: is such a molecular interpretation limited to the intuition provided by the landscapes of the total ED's, or are there deeper analogies with the electronic structure of natural 3D molecules? The answer to the second part of this question is in the positive, and the remainder of this paper is devoted to discovering such analogies. However, since the Nϭ19 case represents a rather complicated group theoretical structure, for simplicity and transparency, we will study in the following smaller QD sizes. This, however, will not result in any loss of generality in our conclusions.
In previous publications, 9, 10 we found that space symmetry breaking in the UHF equations appears spontaneously for R W Ͼ1. Below we choose to work with larger values of R W ͑e.g., 10 or higher͒, for which the effects of strong correlations are fully developed. The group theoretical investigation of the intermediate regime near the phase transition is left for a future publication. In all calculated cases, we used ប 0 ϭ5 meV, m*ϭ0.067m e ͑GaAs͒, and g*ϭϪ0.44 ͑GaAs͒.
We note that the Pople-Nesbet UHF equations are primarily employed in quantum chemistry for studying the ground states of open-shell molecules and atoms. Unlike our studies of QD's, however, such chemical UHF studies consider mainly the breaking of the total spin symmetry, and not that of the space symmetries. As a result, for purposes of emphasis and clarity, we have often used ͑see, e.g., our previous papers͒ prefixes to indicate the specific unrestrictions involved in our UHF solutions, i.e., the prefix s for the total spin and the prefix S for the space unrestriction.
C. Solutions representing pure spin density waves
Before leaving this section, we mention another class of BS solutions which can appear in single QD's; namely, the spin density waves ͑SDW's͒. The SDW's are unrelated to electron localization and thus are quite distinct from the WM's; in single QD's, they were obtained 43 earlier within the framework of spin density functional theory. 44 To emphasize the different nature of SDW's and WM's, we present in Fig. 2 an example of a SDW obtained with the UHF approach ͓the corresponding parameters are Nϭ14, S z ϭ0, R W ϭ0.8 (ϭ23.8693), and Bϭ0]. Unlike the case of WM's, the SDW exhibits a circular ED ͓see Fig. 2͑a͔͒ , and thus does not break the rotational symmetry. Naturally, in keeping with its name, the SDW breaks the total-spin symmetry and exhibits azimuthal modulations in the spin density 45 ͑SD͒ ͓see Fig. 2͑b͒ ; however, the number of humps is smaller than the number of electrons 46 ͔. The SDW's in single QD's appear for R W Շ1 and are of lesser importance 47 ; thus in the following we will exclusively study the case of WM's.
III. THREE ELECTRONS WITHOUT MAGNETIC FIELD
A. S z Ä3Õ2 fully spin polarized case
We begin with the case of Nϭ3 fully spin polarized (S z ϭ3/2) electrons in the absence of a magnetic field and for R W ϭ10 (ϭ1.9095). Fully spin polarized UHF determi-FIG. 1. UHF electron density in a parabolic QD for Nϭ19 and S z ϭ19/2, exhibiting breaking of the circular symmetry at R W ϭ5 and Bϭ0. The choice of the remaining parameters is ប 0 ϭ5 meV and m*ϭ0.067m e . Distances ͑along the horizontal x and y axes͒ are in nanometers and the electron density ͑along the vertical axis͒ in 10 Ϫ4 nm Ϫ2 .
FIG. 2. UHF solution in a parabolic
QD exhibiting a pure spin density wave for Nϭ14, S z ϭ0, R W ϭ0.8, and Bϭ0. ͑a͒ The total electron density exhibiting circular symmetry; ͑b͒ The spin density exhibiting azimuthal modulation ͑note the 12 humps whose number is smaller than the number of electrons͒. The choice of the remaining parameters is ប 0 ϭ5 meV and m*ϭ0.067m e . Distances are in nanometers and the electron and spin densities in 10 Ϫ4 nm Ϫ2 .
nants preserve the total spin, but for this value of R W the lowest in energy UHF solution is one with broken circular symmetry. As will be seen below, broken rotational symmetry does not imply no space symmetry, but a lower pointgroup symmetry. Before proceeding with the study of the BS solution, however, it will be helpful to review the symmetryadapted RHF solution first. This RHF solution can be obtained from the UHF equations ͑3͒ and ͑4͒ by using a circular electron density guess as the input of the first iteration. In the independent particle model, the Nϭ3, S z ϭ3/2, and B ϭ0 2D case corresponds to a closed electronic shell with configuration 1s1p ϩ 1p Ϫ or 1s1p x 1p y (p Ϯ ϰp x Ϯip y ϰre Ϯi ), and thus the independent-particle-model ED is necessarily circular. We will confirm that the RHF solution conforms indeed to the prediction of the independent particle model, and subsequently we will contrast the UHF solution to it.
The RHF solution for R W ϭ10 and Bϭ0 has an energy of 92.217 meV; the corresponding orbitals are real and are displayed in the left column of Fig. 3 . They are like the 1s ͓Fig. 3͑a͔͒, 1p x ͓Fig. 3͑b͔͒, and 1p y ͓Fig. 3͑c͔͒ orbitals of the independent particle model. The nodeless 1s orbital has a maximum at rϾ0 due to the large Coulomb repulsion; its energy is 44.526 meV. The energy of the two degenerate p x and p y orbitals is 50.489 meV. Notice that neither the p x nor p y orbital is rotationally symmetric; however, the total ED ͓Fig. 3͑d͔͒ has the expected circular symmetry. It is of interest to obtain the RHF solution for a very small external mag- netic field ͑i.e., in the limit B→0). In this case, the calculated total and orbital energies, as well as the total ED ͓Fig. 3͑d͔͒, remain unchanged. However, the two degenerate p orbitals are now complex ͓ p Ϯ ; see Fig. 3͑f͒ and Fig. 3͑g͔͒ and have good angular momenta lϭϮ1, and thus their modulus square is circularly symmetric. We focus now on the sS-UHF solution for Nϭ3 and S z ϭ3/2, and for the same choice of parameters as with the RHF case. The UHF total energy is 89.691 meV, and thus it is lower than the corresponding RHF one. In Fig. 4 we display the UHF symmetry-violating orbitals ͑a͒-͑c͒ whose energies are ͑a͒ 44.801 meV and ͑b͒ and ͑c͒ 46.546 meV; namely, the two orbitals ͑b͒ and ͑c͒ with the higher energies are again degenerate in energy. An inspection of Fig. 4 immediately reveals that these orbitals have retained some properties of the delocalized 1s, 1p x , and 1p y orbitals, familiar from the independent particle model and the RHF; that is, orbital ͑a͒ is nodeless, while each one of the orbitals ͑b͒ and ͑c͒ has a single nodal line. However, overall the BS orbitals ͑a͒-͑c͒ drastically differ from the orbitals of the independent particle model. In particular, they are associated with specific sites ͑within the QD͒ forming an equilateral triangle, and thus they can be described as having the structure of a linear combination of ''atomic'' ͑site͒ orbitals. Such LCAO MO's are familiar in natural molecules, and this analogy supports the term ''electron ͑or Wigner͒ molecules'' for characterizing the BS UHF solutions.
In the LCAO-MO approximation, one needs to solve a matrix eigenvalue equation determined by the overlaps S i j (i j) and the Hamiltonian matrix elements H i j and H ii between the atomic orbitals. A further simplified approximation, 48 the Hückel approximation ͑HüA͒, consists in taking all S i j ϭ0, and all H i j ϭ0 unless the ith and jth atoms ͑sites͒ are adjacent. 
and the associated LCAO-MO's are i ϭ f 1
, having E i eigenvalues with iϭ1,2,3. The j 's are the original Gaussian-type atomic ͑site͒ orbitals.
From the eigenvalues and eigenvectors of Eq. ͑13͒, one finds the following three LCAO-MO's:
with energy E 1 ϭ⑀Ϫ2␤,
with energy E 2 ϭ⑀ϩ␤, and
with energy E 3 ϭE 2 . It is apparent that the structure of these three LCAO-MO's and the level diagram of their energies agree very well with the corresponding symmetry-broken UHF orbitals ͓displayed in Figs. 4͑a͒-4͑c͔͒ and their energies. ͑Using the HF values for E 1 and E 2 , one finds ⑀ Ϸ45.961 meV and ␤Ϸ0.585 meV.͒ We notice here that such LCAO orbitals are familiar in organic chemistry and are associated with the theoretical description of carbocyclic systems and, in particular, the molecule C 3 H 3 ͑cyclopropenyl, see, e.g., Ref. 33͒. Naturally, since the orbitals ͑b͒ and ͑c͒ are degenerate in energy, they are not uniquely defined: any linear combination associated with a unitary 2ϫ2 transformation will produce a pair of different, but equivalent (bЈ) and (cЈ) orbitals. The fact that the UHF orbitals in Fig. 4 have the specific highly symmetrized ͑see below͒ form given above is the result of an accidental choice of the initial electron density input in the HF iteration. We have checked that any such pair of (bЈ) and (cЈ) orbitals leaves the 2D total UHF electron density unchanged. This suggests that there is an underlying group theoretical structure that governs the BS UHF orbitals. The important point is not the uniqueness or not of the 2D sS-UHF orbitals, but the fact that they transform according to the irreducible representations of specific point groups, leaving both the sS-UHF determinant and the associated electron densities invariant. Given the importance of this observation, we proceed in the rest of this section with a group theoretical analysis of the BS sS-UHF orbitals for the Nϭ3 and S z ϭ3/2 case.
The ED portrayed in Fig. 4͑d͒ remains invariant under certain geometrical symmetry operations-namely, those of an unmarked, plane and equilateral triangle. They are ͑1͒ the identity E, ͑2͒ the two rotations C 3 ͑rotation by 2/3) and C 3 2 ͑rotation by 4/3), and ͑3͒ the three reflections v I , v II , and v III through the three vertical planes, one passing through each vertex of the triangle. These symmetry operations for the unmarked equilateral triangle constitute the elements of the group C 3v . 33, 49 One of the main applications of group theory in chemistry is the determination of the eigenfunctions of the Schrödinger equation without actually solving the matrix equation ͑13͒. This is achieved by constructing the so-called symmetryadapted linear combinations ͑SALC's͒ of AO's. A widely used tool for constructing SALC's is the projection operator
where R stands for any one of the symmetry operations of the molecule, and (R) are the characters of the th irreducible representation of the set of R 's. ͑The 's are tabulated in the socalled character tables. 33, 49 ͒ ͉G͉ denotes the order of the group and n the dimension of the representation.
The task of finding the SALC's for a set of three 1s-type AO's exhibiting the C 3v symmetry of an equilateral triangle can be simplified, since pure rotational symmetry by itself ͑the rotations C 3 and C 3 2 , and not the reflections v 's through the vertical planes͒ is sufficient for their determination. Thus one needs to consider the simpler character table 50 of the cyclic group C 3 ͑see Table I͒ .
From Table I , one sees that the set of the three 1s AO's situated at the vertices of an equilateral triangle spans the two irreducible representations A and E, the latter one consisting of two associted one-dimensional representations. To construct the SALC's, one simply applies the three projection operators P A , P EЈ , and P EЉ to one of the original AO's, let us say the 1 ,
The A SALC in Eq. ͑18͒ has precisely the same form as the 1 MO in Eq. ͑14͒, which was determined via a solution of the Hückel Eq. ͑13͒. The two E SALC's ͓Eq. ͑19͒ and Eq. ͑20͔͒, however, are complex functions and do not coincide with the real 2 and 3 found above ͓Eq. ͑15͒ and Eq. ͑16͔͒. As we will see in Sec. IV, these complex SALC's agree with the BS UHF orbitals obtained in the case of an applied magnetic field B→0. On the other hand, a set of two real and orthogonal SALC's that spans the E representation can be derived fron Eq. ͑19͒ and Eq. ͑20͒ by simply adding and substracting the two complex ones. This procedure recovers immediately the real 2 and 3 discussed earlier.
We stress here that the UHF orbitals of Fig. 4 are canonical ͑see Sec. II A͒. As is well known from quantum chemistry, 26 in general the canonical spin orbitals will be spread out over the different sites ͑atoms͒ of a natural molecule and will form a basis for the irreducible representations of the symmetry group of the molecule. Once the canonical orbitals are available, there is an infinite number of noncanonical spin orbitals that span reducible representions of the symmetry group of the molecule and can be obtained via a unitary transformation of the canonical set. We remind the reader that noncanonical spin orbitals are solutions of a generalized HF equation involving off-diagonal elements E i j in the matrix formed out of the HF orbital energies ͑see Sec. II A͒. Naturally, the unitary transformation leaves the UHF determinant and total energy invariant. In particular there is a unitary matrix that transforms the canonical spin orbitals to the fully localized AO's; i.e., for the Nϭ3 and S z ϭ3/2 case, such a unitary matrix transforms the canonical i 's (i ϭ1,2,3) to the noncanonical AO's i 's.
Note that such noncanonical orbitals for Nϭ3 were recently used 51 to formulate a non-self-consistent variant to the Pople-Nesbet HF equations listed in section II.A. This variant relied on the manifestation of spontaneous symmetry breaking that was discovered earlier via our self-consistent UHF results. Notice, however, that Ref. 51 obtained an incomplete wave function, since the companion step of restoration of the rotational symmetry was not considered ͑see Sec. VI below͒.
B. S z Ä1Õ2 partially spin polarized case
In Fig. 5 , we display the sS-UHF symmetry-violating orbitals ͑a͒-͑c͒ for the case of a partially polarized QD at R W ϭ10 and Bϭ0 with two spin-up and one spin-down electrons (Nϭ3 and S z ϭ1/2). The UHF orbital energies of these electrons are ͑a͒ 45.350 and ͑b͒ 46.515 meV for the spin-up orbitals and ͑c͒ 45.926 meV for the spin-down orbital. An inspection of Fig. 5 reveals that these orbitals have retained the nodal structure of the corresponding independentparticle-model orbitals in the familiar 1s 2 1 p x configuration; namely, ͑a͒ and ͑c͒ are nodeless, while ͑b͒ exhibits a single nodal line. Apart from this property, however, and in consonance with the S z ϭ3/2 case studied in a previous subsection, the BS UHF orbitals again differ drastically from the ones associated with the independent particle model; again they are associated with three sites within the QD arranged in an 
equilateral triangle. In contrast to the fully polarized case, however, there are no linear combinations of atomic orbitals involving all three vertices of the triangle. Indeed the single spin-down electron remains by itself as an unmodified AO, while only the two spin-up electrons combine to form LCAO MO's. This behavior here is a special case of a general property of the sS-UHF; i.e., only AO's associated with the same spin direction can in principle combine to form LCAO MO's. This property, however, does not extend to the generalized Hartree-Fock method, 31, 52 which incorporates the additional unresctriction that the z projection (S z ) of the total spin is not preserved and it is not a good quantum number. ͑Notice that unlike the practice in this paper, Ref. 31 uses the term UHF for the generalized HF.͒ In the same spirit with the treatment of the fully polarized case in Sec. III A, and taking into consideration the decoupling of the two different spin directions in the sS-UHF, one can write a corresponding Hückel matrix equation for the Nϭ3 and S z ϭ1/2 case as follows:
From the eigenvalues and eigenvectors of Eq. ͑21͒, one finds the following three LCAO-MO's: ͑a͒ 1 ϭ( 1 ϩ 2 )/ͱ2 with energy E 1 ϭ⑀Ϫ␤, ͑b͒ 2 ϭ( 1 Ϫ 2 )/ͱ2 with energy E 2 ϭ⑀ϩ␤, and ͑c͒ 3 ϭ 3 with energy E 3 ϭ⑀. The structure of these three LCAO-MO's agrees very well with the corresponding symmetry-violating UHF orbitals for the Nϭ3 and S z ϭ1/2 case displayed in Figs. 5͑a͒-5͑c͒. This agreement extends also to the level diagrams of the corresponding orbital energies. ͑Using the UHF values for E 1 and E 2 , one finds ␤ϭ0.582 meV and ⑀ ϭ45.932 meVϷE 3 .͒ Concerning the underlying symmetry-group structure of the UHF orbitals in Fig. 5 , we observe that ͑unlike the fully polarized case͒ the two rotations-i.e., C 3 ͑rotation by 2/3) and C 3 2 ͑rotation by 4/3)-are not part of the symmetry operations of the relevant point group ͓due to the dissimilarity between spin-up and spin-down orbitals; this can be seen clearly through inspection of the spin density in Fig. 5͑e͔͒ . Because of the 2D character of the dot, the only symmetry operations for the Nϭ3 and S z ϭ1/2 case are the identity E and a single reflection, v I , through the vertical plane passing through the spin-down electron. Such a group ͕E, v I ͖ is a subgroup of the familiar C 2v group associated with the 3D H 2 O molecule ͑observe that the O atom corresponds to the spin-down electron and the two H atoms correspond to the two spin-up electrons͒. According to Ref. 33 ͑see p. 181͒, the representation ⌫ formed by the three original AO's can be reduced to irreducible A 2 and B 1 representations as ⌫ϭA 2 ϩ2B 1 . By applying projection operators ͓see Eq.͑17͔͒ to the 1 AO and using the character Table II , one finds the following two normalized SALC's:
and
Naturally the second SALC of B 1 symmetry is
͑24͒
Once more, we stress the fact that the SALC's ͓Eqs. ͑22͒-͑24͔͒ derived above via symmetry-group theory have the same structure as the canonical UHF orbitals displayed in Fig. 5 . Observe further that in the generalized HF ͑as also in the case of the H 2 O molecule and the allyl anion͒ the two SALC's of B 1 symmetry are allowed to couple, producing 
IV. THREE ELECTRONS IN A FINITE MAGNETIC FIELD
A. S z Ä3Õ2 fully polarized case
In this section, we study the case of three fully polarized electrons under a magnetic field B. Since for B 0 the BS UHF orbitals are necessarily complex functions, Fig. 6 displays the modulus square of these orbitals. The UHF total ED displayed in Fig. 6͑d͒ and the modulus square of the orbitals exhibit an apparent C 3v symmetry as was the case at Bϭ0 ͑Sec. III A͒. However, the phases of the complex orbitals at B 0 contribute to a modification of the symmetry group. This modification has been studied earlier for the case of infinite crystalline systems with periodic space lattices where the electrons occupy Bloch orbitals, and such studies have led to the consideration of two physically equivalent group structures: namely, the ray groups 53 and the magnetic translation groups. 54 In our case of a finite periodic crystallite, the corresponding magnetic rotation groups would be straightforward to consider. However, in order to appreciate the modifications introduced by the magnetic field, it will be simpler to modify the Hückel ͑tight-binding͒ Hamiltonian according to the Harper-Peierls prescription, 55,56 which accounts for the magnetic gauge transformation when moving from one crystalline site to another.
Thus according to Peierls and Harper, the proper atomic orbitals j 's for B 0 ͑centered at R j ) are the real j 's multiplied by an appropriate phase as follows,
Because of this position-dependent phase in the AO's, the hopping matrix elements H i j ͑see Sec. III A͒ are now complex, and the Hückel equation ͑13͒ for three electrons is modified as follows:
͑26͒
where (2, 3) , (3, 1) , with R k , kϭ1,2,3 being the positions of the vertices of the equilateral triangle. Notice that ⍀ϭ(2⌽)/(3⌽ 0 ), where ⌽ is the total magnetic flux through the equilateral triangle and ⌽ 0 ϭhc/e is the unit flux. From the eigenvectors of Eq. ͑26͒, one finds the following LCAO-MO's:
with corresponding orbital energies
Substituting the specific value for ⍀ given above, one can write the eigenvalues ͑30͒-͑32͒ in a more symmetric compact form
Since the original AO's do not practically overlap for R W ϭ10, the phases in front of the i 's in Eqs. ͑27͒-͑29͒ do not contribute substantially to the modulus square of the orbitals. As a result, for all values of B, all three orbitals exhibit similar orbital densities that are approximately equal to 1 2 ϩ 2 2 ϩ 3 2 . Observe that this agrees very well with the behavior of the canonical UHF orbitals ͑modulus square͒ at B ϭ2 T displayed in Fig. 6 . At zero magnetic field Bϭ0, the LCAO-MO's in Eqs. ͑27͒-͑29͒ reduce to the specific form given earlier in Eqs. ͑18͒-͑20͒ of Sec. III A. We stress here that in Sec. III A these LCAO-MO's were derived from arguments based exclusively on the group theoretical structure of the C 3v symmetry group. Naturally, when ⍀ϭ0, the orbital energies in Eq. ͑33͒ reduce to the corresponding Bϭ0 result derived in Sec. III A: namely, E 1 ϭ⑀Ϫ2␤ and E 2 ϭE 3 ϭ⑀ϩ␤. Notice, however, that for arbitrary values of B, the degeneracy between E 2 and E 3 is lifted. In addition, the three energies E 1 , E 2 , and E 3 in Eq. ͑33͒ exhibit prominent Aharonov-Bohm ͑AB͒ oscillations. It is interesting to compare this behavior to the behavior of the calculated canonical UHF orbital energies for R W ϭ10. These UHF orbital energies as a function of B are displayed in Fig. 7 . An inspection of Fig. 7 reveals that the UHF orbital energies do exhibit ͑as expected͒ an AharonovBohm oscillation as a function of B. However, these oscillations are more complicated from what can be simply anticipated from the analytic formulas in Eq. ͑33͒. Namely, the amplitude of the UHF AB oscillations decreases as B increases. This behavior is due to a decrease in the hopping parameter ␤, which results from the spatial shrinkage of the Gaussian-type UHF orbitals as a function of B. Eventually, for B→ϱ, all three energies are degenerate. We notice that complete degeneracy of all UHF orbitals for any N appears also in the Bϭ0, R W →ϱ limit. The electronic structure of the UHF fully polarized threeelectron molecule in a magnetic field, which was discussed above and which exhibits Aharonov-Bohm oscillations, does not have an analog in the realm of natural molecules. However, apart from the B dependence of ␤, it agrees in a remarkable way with the ''noninteracting spectra'' of the artificial molecules that can be formed out of 1D ring arrays of single QD's.
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B. S z Ä1Õ2 partially polarized case Figure 8 displays the BS UHF orbitals ͑modulus square͒ and the total ED for the partially polarized Nϭ3, S z ϭ1/2 case in a magnetic field Bϭ2 T. As with the Bϭ0 case ͑Sec. III B͒, the spin-down orbital is decoupled from the two spin-up ones. As a result the corresponding Hückel matrix equation is of the form
where in general ⑀Ј ⑀ due to the energy difference between the two spin directions introduced by the Zeeman term. From the solutions of Eq. ͑34͒, one finds the following LCAO-MO's: ͑a͒ 1 ϭ(e i⍀ 1 ϩ 2 )/ͱ2 with energy E 1 ϭ⑀Ϫ␤, ͑b͒ 2 ϭ(e i⍀ 1 Ϫ 2 )/ͱ2 with energy E 2 ϭ⑀ϩ␤, and ͑c͒ 3 ϭ 3 with E 3 ϭ⑀Ј. The total electron density constructed out of these LCAO-MO's is again of the form 1 2 ϩ 2 2 ϩ 3 2 ͑compare with Sec. IV A͒. The corresponding UHF orbitals ͑modulus square͒ and ED displayed in Fig. 8 are obviously conforming to these forms. Concerning the Hückel orbital energies E j , jϭ1,2,3, we note that they do not depend on the magnetic field B through ⍀. As a result, unlike the previous case of the fully polarized electrons, AB oscillations should not develop in the UHF orbital energies. To check this prediction, we dispaly in Fig.  9 the UHF orbital energies as a function of B. In contrast to Fig. 7 , AB oscillations are absent in Fig. 9 , a behavior which apparently relates to the fact that no UHF orbital covers the area of the equilateral triangle ͑the single spin-down orbital does not couple to the two spin-up ones, which lie on a straight line͒.
V. SIX ELECTRONS AT ZERO MAGNETIC FIELD
We discuss now the case of six fully polarized electrons in zero magnetic field. The corresponding total S-UHF electron density for R W ϭ15 (ϭ1.2730) is displayed in Fig. 10͑a͒ ͑bottom frame͒. Unlike the case of smaller numbers of particles with Nр5, a system of six electrons is the smallest that forms a Wigner molecule with a two-ring arrangement. Such a ring arrangement is denoted by (1, 5) to distinguish it from a single-ring arrangement (0,N). Naturally, single-ring molecular arrangements (0,N) are familiar from the quantum chemistry of carbocyclic systems ͑Ref. 33; see also Secs. III and IV͒. The more complicated ͑1,5͒ arrangement, however, is a molecular structure unknown to traditional chemistry. Nevertheless, contact to organic chemistry can be retained by observing that the ͑0,5͒ outer ring has a group symmetry similar to the cyclic hydrocarbon C 5 H 5 . As a result, and in direct analogy with the C 5 H 5 molecule ͑see p. 152 in Ref. 33͒, the SALC's of the ͑0,5͒ arrangement are as follows: Returning back to the case of the ͑1,5͒ ring arrangement, we notice that the sixth AO, 6 , at the center is of A symmetry, and thus it can only couple to a MO of the ͑0,5͒ ring with the same symmetry; namely, the orbital (A) in Eq. ͑35͒. As a result, both ͑0,5͒ and the ͑1,5͒ ring arrangements share the same four MO's of E 1 and E 2 symmetry.
The coupling matrix element between the 6 and (A) orbitals is given by
To find the MO's of the ͑1,5͒ ring with A symmetry, we need to solve the 2ϫ2 matrix equation
We note that, due to the different coordination and distances, the quantities ␦ and ⑀ associated with the central AO are different from the corresponding quantities ␤ and ⑀ associated with the AO's of the outer ring.
Using the notation
the two solutions of the matrix equation ͑41͒ have energies (⑀ ϩ⑀Ϫ2␤ϯQ)/2 and eigenvectors ͑unnormalized͒ ͕⑀ Ϫ⑀ ϩ2␤ϮQ,ͱ20␦͖, respectively. Accordingly, one MO of the ͑1,5͒ ring is constructed by adding and the other by subtracting a fraction of the (A) orbital from the central AO. This behavior agrees very well with the two S-UHF orbitals displayed in the middle row of Fig. 10 ͓͑b͒ and ͑c͔͒.
Concerning the S-UHF orbitals displayed in the top row of Fig. 10 ͓͑d͒ and ͑e͔͒, we notice that they are degenerate in energy and that they agree very well with the two MO's of E 2 symmetry. Indeed the S-UHF orbital in Fig. 10͑d͒ exhibits five total humps, three of them positive and the other two negative, in remarkable agreement ͑apart from an overall sign͒ with the MO in Eq. ͑38͒ ͑note that cos ϭ0.3090Ͼ0 and cos 2ϭϪ0.8090Ͻ0). In particular, counterclockwise, the polarities of the humps in Fig. 10͑d͒ are (Ϫ,ϩ,Ϫ,Ϫ, ϩ), differing only by an overall sign from the corresponding polarities of the MO in Eq. ͑38͒. Even more impressive is the fact that there is quantitative agreement regarding the absolute heights of the humps in these two orbitals ͑see the values of cos and cos 2 listed above͒. The other S-UHF orbital in Fig. 10͑e͒ exhibits a total of four humps, two of them positive and the other two negative, and having an alternating (ϩ,Ϫ,ϩ,Ϫ) arrangement. This is again in remarkable agreement with the second MO of E 2 symmetry in Eq. ͑39͒, since sin Ͼ0 and sin 2Ͼ0. Additionally, we note that the agreement between the UHF orbital in Fig. 10͑e͒ and the MO in Eq. ͑39͒ extends further to the absolute heights of the humps, since sin ϭ0.9511Ͼ0.5878ϭsin 2.
Finally, there are two other degenerate UHF orbitals that are not displayed in Fig. 10 . They are not identical to the (E 1 a) and (E 1 b) SALC's in Eqs. ͑36͒ and ͑37͒, but we have checked that they span the E 1 irreducible representation.
VI. RESTORATION OF CIRCULAR SYMMETRY AND EXACT SPECTRA
A. Group structure and sequences of magic angular momenta
In the previous sections, we demonstrated that the BS UHF determinants and orbitals describe indeed 2D electronic molecular stuctures ͑Wigner molecules͒ in close analogy with the case of natural 3D molecules. However, the study of the WM's at the UHF level restricts their description to the intrinsic ͑nonrotating͒ frame of reference. Motivated by the case of natural atoms, one can take a subsequent step and address the properties of collectively rotating WM's in the laboratory frame of reference. As is well known, for natural atoms, this step is achieved by writing the total wave function of the molecule as the product of the electronic and ionic partial wave functions. In the case of the purely electronic WM's, however, such a product wave function requires the assumption of complete decoupling between intrinsic and collective degrees of freedom, an assumption that might be justifiable in limiting cases only.
As we demonstrated earlier, [15] [16] [17] in the framework of the BS UHF solutions this companion step can be performed by using the post-Hartree-Fock method of restoration of broken symmetries 25 ͑RBS͒ via projection techniques ͑PT's͒. Examples demonstrating the RBS method have been presented by us in two cases: ͑I͒ the ground state ͑with angular momentum Iϭ0) of two interacting electrons in a parabolic quantum dot in the absence of a magnetic field 15 and ͑II͒ the yrast rotational band ͑see Sec. I C and precise definition in Ref. 58͒ of a system of N interacting electrons in high magnetic fields 16, 17 ͑fractional-quantum-Hall regime͒. In both cases, we showed that the RBS method ͑as adapted to the case of 2D BS UHF solutions͒ yields correlated ͑multideter-minantal͒ many-body wave functions that approximate very well the corresponding exact solutions. 58 In particular, in the latter case, our use 16, 17 of the RBS method yielded analytic expressions for the correlated wave functions that offer a better description of the N-electron problem in high B compared to the Jastrow-Laughlin 5 expression. In this section, we will not proceed any further with explicit numerical or analytic derivations of additional RBS wave functions. Instead, we will use the RBS approach to illustrate through a couple of concrete examples how certain universal properties of the exact solutions-i.e., the appearance of magic angular momenta in the exact rotational spectra [35] [36] [37] [38] [39] [40] -relate to the symmetry broken UHF solutions.
Indeed, we will demonstrate that the magic angular momenta are a direct consequence of the symmetry breaking at the UHF level and that they are determined fully by the molecular symmetries of the UHF determinant.
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As an illustrative example, we have chosen the relatively simple, but nontrivial, case of Nϭ3 electrons. For Bϭ0, both the S z ϭ1/2 and S z ϭ3/2 polarizations can be considered. We start with the S z ϭ1/2 polarization, whose BS UHF solution ͑let us denote it by ͉↓↑↑͘) was presented in Sec. III B and which exhibits a breaking of the total spin symmetry in addition to the rotational symmetry. We first proceed with the restoration of the total spin by noticing that ͉↓↑↑͘ has a point-group symmetry lower ͑see Sec. III B͒ than the C 3v symmetry of an equilateral triangle. The C 3v symmetry, however, can be readily restored by applying the projection operator ͑17͒ to ͉↓↑↑͘ and by using the character table of the cyclic C 3 group ͑see To restore the circular symmetry in the case of a (0,N) ring arrangement, one applies the projection operator 15, 25 
where L ϭ ͚ jϭ1 N l j is the operator for the total angular momentum. Notice that the operator P I is a direct generalization of the projection operator ͑17͒ to the case of the continuous cyclic group C ϱ ͓the phases exp(i␥I) are the characters of
The RBS-projected wave function ⌿ RBS ͑having both good total spin and angular momentum quantum numbers͒ is of the form
where now the intrinsic wave function ͓given by Eq. ͑43͒ or Eq. ͑44͔͒ has an arbitrary azimuthal orientation ␥. We note that, unlike the phenomenological Eckardt-frame model 39, 61 where only a single product term is involved, the RBS wave function in Eq. ͑46͒ is an average over all azimuthal directions of an infinite set of product terms. These terms are formed by multiplying the UHF intrinsic part ⌽ intr E (␥) by the external rotational wave function exp(i␥I) ͑the latter is properly characterized as ''external,'' since it is an eigenfunction of the total angular momentum L and depends exclusively on the azimuthal coordinate ␥).
The operator R (2/3)ϵexp(Ϫi2L /3) can be applied to ⌿ RBS in two different ways: namely, either to the intrinsic part ⌽ intr E or the external part exp(i␥I). Using Eq. ͑43͒ and the
from the first alternative, and
from the second alternative. Now if ⌿ RBS 0, the only way that Eqs. ͑47͒ and ͑48͒ can be simultaneously true is if the condition exp͓2(IϪ1)i/3͔ϭ1 is fulfilled. This leads to a first sequence of magic angular momenta associated with total spin sϭ1/2: i.e., Iϭ3kϩ1, kϭ0,Ϯ1,Ϯ2,Ϯ3, . . . . ͑49͒
Using Eq. ͑44͒ for the intrinsic wave function and following similar steps, one can derive a second sequence of magic angular momenta associated with good total spin sϭ1/2: i.e. ,   Iϭ3kϪ1, kϭ0,Ϯ1,Ϯ2,Ϯ3 , . . . . ͑50͒
In the fully polarized case, the UHF determinant was described in Sec. III A. This UHF determinant, which we denote as ͉↑↑↑͘, is already an eigenstate of Ŝ 2 with quantum number sϭ3/2. Thus only the rotational symmetry needs to be restored; that is, the intrinsic wave function is simply ⌽ intr A (␥ 0 )ϭ͉↑↑↑͘. Since R (2/3)⌽ intr A ϭ⌽ intr A , the condition for the allowed angular momenta is exp͓Ϫ2Ii/3͔ϭ1, which yields the following magic angular momenta:
Iϭ3k, kϭ0,Ϯ1,Ϯ2,Ϯ3, . . . . ͑51͒
We note that in high magnetic fields only the fully polarized case is relevant and that only angular momenta with k Ͼ0 enter in Eq. ͑51͒ ͑see Ref. 16͒ . In this case, in the thermodynamic limit, the partial sequence with kϭ2qϩ1, q ϭ0,1,2,3, . . . , is directly related to the odd filling factors ϭ1/(2qϩ1) of the fractional quantum Hall effect ͓via the relation ϭN(NϪ1)/(2I)]. This suggests that the observed hierarchy of fractional filling factors in the quantum Hall effect may be viewed as a signature originating from the point group symmetries of the intrinsic wave function ⌽ intr , and thus it is a manifestation of symmetry breaking at the UHF mean-field level.
B. Quantitative description of the yrast band
The usefulness of the RBS wave functions ͓Eq. ͑46͔͒ is not limited to deriving universal properties of the exact spectra, like the sequences of magic angular momenta ͓see Sec. VI A͔. As we demonstrated in earlier publications, in the regime of strong correlations, the RBS wave functions approximate very well the corresponding exact many-body wave functions.
Indeed, in Ref. 15 we offered ͑as a function of R W ) a systematic comparison between the RBS and exact groundstate (Iϭ0) energies at Bϭ0 for Nϭ2 electrons in a parabolic QD. For R W ϭ19.09, we found that the relative error was approximately 0.7%. Furthermore, in Ref. 16 , for the case of high B, we derived analytic RBS wave functions, named ''REM wave functions.'' As we showed 16 explicitly for the case of Nϭ6 electrons, the radial electron densities associated with the REM functions accurately reproduce the ones extracted from exact-diagonalization calculations.
In this subsection, we offer additional examples pertaining to the ability of the RBS wave functions to reproduce the exact yrast spectra of parabolic QD's. In particular, Table III lists the REM and exact yrast energies in the range of magic angular momenta 70рIр130 for Nϭ6 electrons in high B. Details concerning the REM wave functions and the exactdiagonalization method in the lowest Landau level are given in Ref. 17 , and they will not be repeated here.
The RBS and exact yrast spectra (0рIр6) for the case of Nϭ2 electrons at Bϭ0 and R W ϭ19.09 are given in Table  IV . Details concerning their calculation are given in Ref. 15 and in the Appendix ͑where we present the final formula for calculating RBS energies for both even and odd angular momenta͒.
We note that the relative errors in both Table III and Table  IV are small ͑smaller than 1% in the majority of cases͒.
VII. SUMMARY
In this paper, we have introduced a group theoretical analysis of broken-symmetry UHF orbitals and total electron densities in the case of single 2D semiconductor QD's. This analysis provided further support for our earlier interpretation 9, 10, 14, 15 concerning the spontaneous formation of collectively rotating electron ͑or Wigner͒ molecules. Indeed the group theoretical analysis enabled us to unveil further deeper analogies between the electronic structure of the Wigner molecules and that of the natural 3D molecules. In particular these deeper analogies are the following: ͑I͒ The breaking of rotational symmetry results in canonical UHF orbitals that are associated with the eigenvectors of a molecular-type Hückel Hamiltonian with sites at positions specified by the equilibrium configuration of the classical N-electron problem. ͑II͒ The broken-symmetry canonical UHF orbitals transform according to the irreducible representations of the point group specified by the discrete symmetries of this classical molecular configuration. ͑III͒ The WM's formed out of the broken-symmetry UHF solutions can rotate, and the restoration of the total-spin and rotational symmetries results ͑in addition to the ground state͒ in states defining the lowest rotational bands ͑i.e., yrast bands͒ of the WM's. ͑IV͒ The breaking of the circular symmetry results in lowering of the symmetry. This is expressed by the discrete point-group symmetry of the UHF wave function, and it underlies the appearance of sequences of magic angular momenta ͑familiar from exact-diagonalization studies͒ in the excitation spectra of single QD's.
Since exact-diagonalization methods are typically restricted to small sizes with Nр10, the two-step method of breakage and subsequent restoration of symmetries offers a promising new venue for accurately describing larger 2D electronic systems. A concrete example of the potential of this approach is provided by Ref. 16 , where our use of the the symmetry-breaking and symmetry-restoration method yielded analytic expressions for correlated wave functions that offer a better description of the N-electron problem in high magnetic fields compared to the Jastrow-Laughlin 5 expression.
Furthermore, the group theoretical analysis strongly suggests an interesting simplified variant approach for carrying out the first step of symmetry breaking. This variant rests on the observation that, in all cases of WM's, the brokensymmetry UHF orbitals are generic linear combinations of Gaussian-type functions ͓with a proper phase for B 0; see Eq. ͑25͔͒ specified simply by their width and positions R j 's from the center of the QD. The linear combinations can be fully specified from the group theoretical analysis of the appropriate classical equilibrium configurations, 11 and a determinant of the corresponding LCAO-MO's can readily be written down. Then a simple variational calculation of the minimum total energy of this determinant will yield the parameters and R j 's without the need to carry out the selfconsistent UHF iterations. This simplified approach could treat even larger sizes without major loss of accuracy. Added accuracy can then be obtained through the subsequent step of restoration of the broken symmetries. In this appendix, we present the formulas covering both even and odd angular momenta. They are 
